The fluid-structure interaction between a thin circular disk and its turbulent wake is investigated experimentally and described with a low-order stochastic model. The disk faces a uniform flow at Reynolds number Re =133 000 and can rotate around one of its diameters. It is equipped with instantaneous pressure measurements to give the aerodynamic loading; moments and centre of pressure of the front and base sides. When the disk is fixed and aligned, symmetry-breaking vortex shedding is observed and all orientations are visited with equal probability, yielding axisymmetric long-term statistics. Very-low-frequency antisymmetric modes as recently observed by Rigas et al. (2014) are not observed unless the disk shape is modified into that of a bullet, showing the importance of the separation angle. It suggests that these modes are linearly stable for the disk while they are unstable for the bullet shape. When the disk is fixed and inclined, the base center of pressure (CoP) shifts preferentially towards one side of the rotation axis. Finally, when the disk is free to rotate, the front moment is proportional to the disk inclination (aerodynamic stiffness), while the base moment is well correlated with the disk inclination. From these observations, a low-order model is derived that couples (i) the CoP, forced stochastically by the turbulent flow, and (ii) the disk inclination, as a linear harmonic oscillator forced by the base moment. The model captures well the main statistics and dynamic features observed experimentally. One difference lies in the distribution of the disk inclination (which features exponential tails in the measurements but is Gaussian in the model), suggesting a possible refinement with non-linearities or time delays. The model is expected to capture coupled dynamics in other systems involving turbulent wakes behind freely rotating bluff bodies.
Introduction
Turbulent dynamics of massively separated wakes produced by simple axisymmetric bluff bodies such as a sphere or a disk past a uniform flow have always been a central problem in fundamental fluid mechanics. The flow complexity in space associated with unpredictable temporal fluctuations make both the experimental and numerical approaches difficult. The first case is limited by the available measurements and the second suffers from too small duration of computation. Early studies provided extensive characterizations of periodic or quasi-periodic phenomena in the wake (Achenbach, 1974; Taneda, 1978; Fuchs et al., 1979; Sakamoto and Haniu, 1990; Berger et al., 1990; Yun et al., 2006) , but for instance all attempts to describe the topology of vortex shedding related to the antisymmetric mode never met any clear consensus.
Recently, Rigas et al. (2015) proposed a stochastic wake model based on observations obtained from pressure distribution measurements on the base of an axisymmetric body and velocity measurements in a cross flow plane (Rigas et al., 2014; Grandemange et al., 2014; Gentile et al., 2016) . When adapted to the centre of pressure dynamics expressed in radial and phase angle coordinates, the model is able to restore satisfactorily the diffusive behaviour of the phase angle as well as the permanent wake asymmetry reminiscent of the first steady bifurcation in the laminar regime (Fabre et al., 2008; Meliga et al., 2009) . Body misalignment, studied by Gentile et al. (2017) , confines the centroid of the back-flow region of the wake around an average off-centre position, equivalently to a constraint of the phase angle exploration of the centre of pressure. Cadot (2016) investigated the interaction of a rectangular flat plate, free to rotate about the minor axis, with the wake dynamics by means of flow visualization techniques in water. The fluid structure coupling revealed angle time series with long-time stochastic dynamics with no periodicity for plates aspect ratio of order 1.
The objective of the paper is to model such fluid-structure interaction produced by three-dimensional massive flow separation on the basis of the stochastic model of Rigas et al. (2015) . To conserve the axisymmetric wake framework, we will consider a disk facing an air flow. The disk is free to rotate about an axis passing through its diameter. Quantitative information will be experimentally provided by the measurements of the instantaneous pressure distribution at the disk surface.
The paper is organized as follows. Section 2 describes the experimental set-up. Section 3 presents measurements for the fixed disk (aligned or inclined), and a stochastic model for the dynamics of the center of pressure on the base side, including the effect of the disk inclination. Section 4 presents measurements for the freely rotating disk, and the stochastic model is extended to describe the dynamics of the disk inclination forced by the base moment. Simulation results of the model are commented in Sec. 5. Conclusions are drawn in Sec. 6.
Experimental set-up
Figure 1: Side (a) and rear (b) views of the experimental geometry. Letters B and F respectively stands for the base and the front side. The frame (Oxyz) is associated with the disk and in the laboratory frame (XY Z), X corresponds to the main flow direction U∞. Blue symbols in (c) represent the locations of the pressure measurements, 24 taps on each disk side. Note that in (c) the front side is seen from behind.
A disk of diameter D = 20 cm and thickness e = 2.5 cm is equipped with a tube of diameter 1 cm passing through the disk centre as depicted in Fig. 1 . The disk is hollow and built from 3 mm Plexiglas sheets to allow wall mounted pressure tapping. The tube is mounted on two ball bearings at the floor and the roof of the wind tunnel to ensure the free rotation of the system. The disk is placed at mid-height of the test section, which is 60 cm high and 120 cm wide. A laser displacement sensor from Keyence is used to measure the deflection angle θ. Both sides of the disk are equipped with 24 pressure measurements displayed in Fig. 1(c) . They are 0.8 mm holes in diameter and connected via vinyl tubes to a differential pressure scanner, a model ZOC 33 from Scanivalve. The vinyl tubes are passed through the axis of rotation and the pressure scanner is placed outside the wind tunnel. The 2.5 m length of each vinyl tube introduces a low-pass filtering with a cut-off frequency estimated at f C 15 Hz from spectra analysis (i.e.
in non-dimensional units). The spatial pressure distribution is obtained from 6 rows (at azimuthal angles ϕ = n π 3 ) of 4 holes (with radial positions of r = 3, 5, 7, 9 cm). Two channels of the pressure scanner also measure the static pressure p ∞ and dynamic pressure q taken upstream with a Pitot tube. The discrete radial pressure distribution p(r, ϕ) is interpolated at r = 0, 1, ..., 10 cm using a cubic spline method. A 3/8 Simpson integration rule is used for the computation of the aerodynamic moments about the axis of rotation (Oz), normal forces and the centre of pressure (CoP) produced by each pressure distribution of the front and base side. We refer to pressure on the front and base sides as "front pressure" and "base pressure". In the frame (Oxyz) associated with the disk such that (Ox) is the outward normal of the base as depicted in Fig. 1(b) , the expressions of the moments and forces are respectively:
where i = B (base) or i = F (front), and s B = +1 and s F = −1 due to the opposite side orientations. Force coefficients C i N and moment coefficients C i M are defined in the usual way:
where S = πD 2 /4 is the disk surface and q = 
Flow model for the fixed disk
We first consider the disk at fixed angle positions to investigate the wake dynamics without fluid-structure interaction. The pressure distribution measurements on both sides of the disk will be used to produce an adequate model for the flow.
Base loading
Azimuthal modes on the base of the disk are extracted using the same methodology as in Rigas et al. (2014) . First, each crown of pressure measurements at instant time t is decomposed in Fourier components:
Coherent structures are identified by calculating the azimuthal spectral energy density Φ m (St) that is distributed over Strouhal number St = f D/U ∞ (non-dimensional frequency) for each crown:
and averaged over the radius such that
The averaged spectral densityΦ m (St) (computed over 60 windows of 20000 points at 500 Hz, thus giving a frequency resolution of df = 0.025 Hz or dSt = 5 × 10 −4 ) is shown for the disk in Fig. 2 (a). The premultiplied spectrum is of practical interest because the energy can be estimated quickly (linearly) with the area under the curve. The base pressure dynamics is dominated by the antisymmetric periodic modes Fig. 2 (a) is likely to be due to the wind tunnel acoustics noise level, because it corresponds to in-phase fluctuations of the 48 pressure taps. Below this frequency, the energy corresponds to the breathing or pumping dynamics of the recirculating bubble with a maximum of energy around St = 0.04 − 0.06 as shown by the premultiplied spectra. In contrast to the results about axisymmetric wakes of bullet shapes from Grandemange et al. (2014) ; Rigas et al. (2014 Rigas et al. ( , 2015 Rigas et al. ( , 2016 ; Gentile et al. (2016 Gentile et al. ( , 2017 there is no verylow-frequency antisymmetric m = ±1 mode for St < 0.01. To double-check this important and surprising result, we added a hemispheric shape on the forebody side to reproduce separation angles similar to those of bullet shapes. The very-low-frequency antisymmetric azimuthal mode are retrieved, similarly to the primary work of Rigas et al. (2014) . The presence or absence of these modes in the base pressure distribution is of fundamental importance and further investigations, beyond the scope for the present study, are required to understand the cause.
Front loading
The flow facing the disk is much less unsteady than that of the base as can be seen in Fig shows that the flow produces a mean restoring moment linear in the angle deflection defining the aerodynamic stiffnesses. The front side loading of the fixed disk is thus mainly due to the restoring moment:
In the following, the effect of the front loading on fluid-structure interaction will be modelled via this aerodynamic stiffness. 
Model of the wake deflection
We come back to the base side and take a closer look at the wake's stochastic dynamics. To this aim, we use the base CoP location, normalized by the disk radius R = D/2:
Figure 3 shows probability density functions (PDFs) of the center of pressure for increasing disk inclinations 0 o ≤ θ ≤ 10 o . Row (b) depicts the joint PDF P (CoP 
The PDF of P (CoP B y ) is also shown in row (a). When the disk is aligned (θ = 0), the base CoP distribution is axisymmetric. In other words, the disk axisymmetry is recovered statistically, although symmetry is broken instantaneously by the wake's stochastic motion. This is similar to observations from Grandemange et al. (2014) and Rigas et al. (2014) . A qualitative difference is that the CoP of the disk lies more often in the center, whereas the CoP of the bullet-shaped body lies more often off-center on a circle of finite radius; this is consistent with the absence of antisymmetric wake deflection modes m = ±1 for the disk (section 3.1).
As the disk becomes more inclined (|θ| > 0), the base CoP distribution loses symmetry and becomes biased towards one side of the axis, here y > 0 when θ > 0. A similar displacement was observed for small body misalignment by Gentile et al. (2017) . We note that the asymmetry mainly results from a concentration of the CoP orientation towards ϕ = 0, while the radius distribution P (A) remains essentially unchanged.
To model this behaviour, we extend the low-order stochastic model of Rigas et al. (2014) as follows:
where A is the amplitude introduced above, and the overdot denotes time derivative. The coefficients a (positive or negative), and b, c and Γ (all positive) are to be determined. The deterministic part of the radius equation is a Landau amplitude equation,Ȧ = aA − bA 3 . For a positive linear growth rate a > 0 (unstable mode), the nonlinear cubic term ensures saturation at a finite equilibrium radius A = a/b. Here we expect a negative growth rate a < 0 since wake deflection modes are not observed, leading to the deterministic equilibrium A = 0. The deterministic part of the angle equation is a restoring force that pushes the orientation towards the stable equilibrium solution ϕ = 0 (y > 0) when θ > 0, and towards ϕ = π (y < 0) when θ < 0. This restoring term is taken proportional to θ, since it grows stronger (and the CoP distribution gets more asymmetric) as the disk becomes more inclined. Stochastic forcing induced by the turbulent flow is modeled with independent white Gaussian noises of zero mean and unit intensity, i.e. ξ j (t)ξ k (t + τ ) = δ jk δ(τ ), with j, k = A or ϕ. In this model, the radius dynamics are unaffected by the disk inclination, in line with our earlier observation. As the stochastic forcing constantly deflects the wake, the term Γ/A prevents the radius from vanishing and the most probable A is strictly positive (Fig. 3a) . (This does not contradict the most probable CoP .) When the disk is aligned (θ = 0), the angle dynamics are akin to a random walk, but with a radius-dependent effective noise intensity:φ = (1/A) √ 2Γ ξ ϕ . When the disk is inclined (|θ| > 0), the angle dynamics becomes affected by a non-uniform potential.
The evolution of the PDF P (A, ϕ) is governed by the Fokker-Planck equatioṅ
associated with the stochastic differential equations (9), where the drift and diffusion coefficients (first and second Kramers-Moyal coefficients) (Stratonovich, 1967; Risken, 1984) read
The long-term PDF is obtained under stationary conditions (Ṗ = 0). When the disk is aligned (θ = 0), this yields the analytical expressions
with N A a normalization constant such that P (A) dA = 1. All orientations are statistically equiprobable and P (ϕ) is uniform. When the disk is inclined (θ = 0), a simplified expression is obtained by assuming that the radius remains close to its mean value A A in the angle dynamics. This approximation makes the diffusion coefficient D (2) ϕ independent of A and allows a separation of variables:
It is interesting to rewrite (13) as
using the potentials V A (A) = −aA 2 /2+bA 4 /4−Γ ln A and V ϕ (ϕ) = −cθ cos(ϕ) associated with the stochastic differential equations such that the deterministic forces in (9) derive from the potentials: D
(1)
Parameter identification
We identify the parameters of the stochastic model (9) in two steps: first, we find a, b and Γ from measurements with the disk fixed and aligned (θ = 0); second, we find c from measurements with the disk fixed and inclined (|θ| > 0).
A fit of the stationary PDF P (A) can only determine the ratios a/Γ and b/Γ, as seen from (12)-(13). In order to determine a, b and Γ unambiguously, we take advantage of the turbulence-induced stochastic forcing that drives the system to explore the potential landscape V(A). We use the dynamic information contained in the time signal A(t) and estimate the Kramers-Moyal coefficients (Böttcher et al., 2006; Friedrich et al., 2011) , noting that they can be expressed as
i.e. the short-time limit of transition moments, or moments of the conditional PDF P (a, t + τ |A, t) that describes the probability of the signal being A at time t + τ knowing that it is A at time t (Stratonovich, 1967; Risken, 1984) . This method was applied to analyze stochastic data sets in various systems: turbulence (Friedrich and Peinke, 1997; Renner et al., 2002) , traffic flow (Kriso et al., 2002) , epileptic brains (Prusseit and Lehnertz, 2007) , earthquakes (Manshour et al., 2009 ) and wind-energy (Milan et al., 2013) . Here we use a version where robustness and accuracy are improved by iteratively minimizing the difference between (i) the moments estimated from time signals with (15), and (ii) the moments calculated with the adjoint Fokker-Planck equation (Lade, 2009; Honisch and Friedrich, 2011; Boujo and Noiray, 2017) . We find
The resulting analytical PDF is shown in Fig. 3 (a) with its experimental counterpart, illustrating the good agreement obtained. Next, we use simple fits of P (ϕ) in (13) at different disk inclinations to find
Figure 3(c) shows again a good agreement between the identified and measured PDFs.
Fluid-structure interaction
We now move to the fluid-structure interaction problem as we let the disk free to rotate. Our goal is to derive the simplest possible model describing the coupled dynamics of the CoP (wake deflection) and the disk (inclination). In the previous section, the stochastic equations (9) described the dynamics of the CoP, including the influence of the disk inclination. In this section, we will close the model by describing the dynamics of the disk inclination, and how they are affected by the CoP location.
Unsteady aerodynamic loading
Experimental results for the moments and disk inclination are shown in Fig. 4 . The time series in Fig. 4(a) are low-pass filtered at St = 0.2. The shedding frequency at St 0.125 is clearly observable in both moment coefficients spectra in Fig. 4(b) but hardly distinguishable in the angle spectrum. The coherence function C displayed in magnitude (|C|) and phase (Arg(C)) in Fig. 4(c) , indicates that the base moment is always in advance compared to the disk inclination while the front moment is delayed and mainly in phase opposition. Notice that the coherence modulus between the angle and the front moment is close to one in the the most energetic frequency domain, emphasizing a strong linear relationship.
To summarize, the dynamics of θ is forced by the base moment (turbulent wake) while the front pressure loading responds with a restoring moment to the disk inclination. A linear regression from the scatter plot of the front moment vs. the angle gives C
The stiffness is increased by 25% compared to that of the fixed disk in (6), likely due to a structural origin caused by the vinyl tubes of the pressure taps exiting the axis at each of its ends. 
Model of the disk inclination
To gain insight into the inclination dynamics, we compute the gain of the transfer function from base moment (input) to inclination (output), using ratios of cross power spectral densities: Figure 5 shows that the gain has the typical shape of a second-order low-pass system. Therefore, let us assume that the disk inclination behaves like a linear harmonic oscillator forced by the base moment:θ
In this equation, I is the disk's moment of inertia about the rotation axis (Oz), k is the aerodynamic stiffness resulting from the font face loading as defined in (6)- (18), and α is a damping coefficient to be determined. Defining the cut-off frequency ω 0 = k/I and fitting the analytical expression of the gain
yields the parameters
and a good agreement with experimental data (Fig. 5) . We note that the identified value of I corresponds to an equivalent density ρ = 400 kg/m 3 for a homogeneous disk (I = ρ (x 2 + y 2 )dxdydz = 2 × 10 −6 ρ kg.m 2 with the present disk's dimensions), which is consistent with the disk's material and geometry. We also note that the identified values of ω 0 and I yield k/(qSD) = ω (6)- (18), determined from static and dynamic measurements of the front moment, respectively.
Next, we express the base moment as a function of the CoP location,
and we introduce the angular velocity Ω =θ to recast the oscillator with first-order equations. Finally, we obtain a closed model for the variables A, ϕ, θ andθ:
Results and discussions
We perform time simulations of the stochastic model (23)- (26) for T = 1000 s (T U ∞ /D = 5 × 10 4 ) with a time step dt = 10 −5 s and with the parameters identified in sections 3-4. Figure 6 shows simulation results together with experimental measurements. We observe a good overall agreement, both dynamic (time series) and statistic (PDFs), for all the relevant variables: from base CoP location to disk inclination to base moment. In particular, the statistical axisymmetry of the CoP is recovered, as well as its radius distribution, which validates the stochastic model (9) for the CoP dynamics, including the influence of the disk inclination. The base moment's characteristics are well captured too, which validates the simple relation (22) . Note that we found no significant difference in the results when using either (i) the mean value of the force F inclination, although the slow dynamics are well captured, some discrepancy is observed in the PDF: the experimental P (θ) has exponential tails whereas the stochastic model yields a Gaussian P (θ). This means that the actual disk exhibits "extreme events" (rare but large deviations from θ = 0) that are not accounted for in the model. This suggests modifying the simple linear harmonic oscillator (19), for example by adding non-linearities in θ, or by including time delay effects between θ and the base moment M B (recall Fig. 4 ). We note that the stochastic model (23)- (26) (1) and (7), with a similar relation for CoP B z ).
Conclusion
We investigate the fundamental problem of coupled interaction between the inclination of a bluff body and its turbulent wake. We consider a thin disk free to rotate and perform time-resolved measurements of front and base pressure and disk inclination θ in a wind tunnel at Re 1.33 × 10 5 . When the disk is fixed and aligned, we find low-frequency axisymmetric (m = 0) wake pumping and asymmetric (m = ±1) vortex shedding at St 0.125. Very-low-frequency antisymmetric m = ±1 modes are not observed, unless the disk is equipped with a hemispheric forebody and thus transformed into a bullet shape similar to that of Grandemange et al. (2014) ; Rigas et al. (2014 Rigas et al. ( , 2015 Rigas et al. ( , 2016 ; Gentile et al. (2016 Gentile et al. ( , 2017 . The instantaneous symmetry breaking vortex shedding visits all orientations with equal probability, yielding an axisymmetric long-term distribution of the base center of pressure, similar to Grandemange et al. (2014) and Rigas et al. (2014) .
When the disk is fixed and inclined, the base CoP distribution moves preferentially towards one side of the rotation axis, similar to observations by Gentile et al. (2017) . The front moment is proportional to θ and corresponds to an aerodynamic stiffness.
When the disk is free to rotate, the front moment is in phase opposition with θ, confirming its static role as an aerodynamic stiffness; the base moment shows a good coherence with θ, although the disk inclination lags behind.
Based on those observations, we build the following coupled stochastic model: (i) the CoP location is governed by stochastic dynamics forced by the turbulent flow; the orientation visits in a random walk-like fashion a potential V(ϕ) that is minimum in ϕ = 0 for positive inclinations θ > 0 and minimum in ϕ = π for negative inclinations θ < 0; the radius visits a potential V(A) that is infinite in A = 0 and minimum in a preferred A > 0, even though the mode is stable, due to the stochastic forcing; (ii) the disk inclination is a linear harmonic oscillator forced by the base moment. The model captures well the main statistic and dynamics features observed experimentally. One notable difference lies in the distribution P (θ) of the disk inclination, which features exponential tails in the measurements, suggesting a possible refinement of the model with non-linearities or time delays.
We expect our low-order stochastic model to capture coupled dynamics in other fluid-structure interaction systems involving turbulent wakes behind bluff bodies free to rotate, provided that the free parameters are determined correctly. In particular, very-low-frequency symmetry-breaking modes observed in the wake of bullet shapes but not in the wake of the disk can be "turned on" or "turned off" simply by changing their linear stability (i.e. the sign of a single parameter). Non-axisymmetric bluff bodies such as rectangular plates or prisms could be handled using a similar model with minor modifications, e.g. polar coordinates describing an ellipse rather than a circle (Bonnavion and Cadot, 2018) .
